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Abstract: The semi-Markov reliability model of the cold standby system with renewal is
presented in the paper. The model is some modification of the model that was considered by
Barlow & Proshan (1965), Brodi & Pogosian (1978). To describe the reliability evolution of the
system, we construct a semi-Markov process by defining the states and the renewal kernel of
that one. In our model the time to failure of the system is represented by a random variable
that denotes the first passage time from the given state to the subset of states. Appropriate
theorems from the semi-Markov processes theory allow us to calculate the reliability function
and mean time to failure. As calculating an exact reliability function of the system by using
Laplace transform is often complicated we apply a theorem which deals with perturbed semi-
Markov processes to obtain an approximate reliability function of the system.
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1. Description and Assumptions

We assume that the system consists of one operating series subsystem (unit), an
identical stand-by subsystem and a switch (see Figure 1):

—

Figure 1. Diagram of the system
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Each subsystem consists of N components. We assume that time to failure of those

elements are represented by non-negative mutually independent random variables &,
k=1,.,N, with distributions given by probability density functions fk(x), x=>0,

k =1,...,N . When the operating subsystem fails, the spare is put in motion by the switch

immediately. The failed subsystem is renewed. There is a single repair facility. A renewal
time is a random variable having distribution depending on a failed component. We suppose
that the lengths of repair periods of units are represented by identical copies of non-negative

random variables y,, k=1..,N, which have cumulative distribution functions

H, (x) = P(;/k < x), x 2 0. The failure of the system occurs when the operating subsystem

fails and the subsystem that has sooner failed in not still renewed or when the operating
subsystem fails and the switch also fails. Let U be a random variable having binary
distribution
b(ky=PU =k)=d"(1—a)"" k=0,1,0<a <1,

where U =0, if a switch is failed at the moment of the operating unit failure, and
U =1, if the switch works at that moment. We suppose that the whole failed system is
replaced by the new identical one. The replacing time is a non negative random variable 77
with CDF
K(z)=P(n<x), z>0.

Moreover, we assume that all random variables mentioned above are independent.
2. Construction of Semi-Markov Reliability Model

To describe the reliability evolution of the system, we have to define the states and
the renewal kernel. We introduce the following states:

0 - failure of the system;

k — renewal of the failed subsystem after a failure of k -th, £k =1,..., N, component
and the work of a spare unit

N +1- both an operating unit and a spare are "up".

The scheme shown in Figure 2 presents functioning of the system. Let

0=1,,7,,7,- denote the instants of the states changes, and {Y(l‘): t=> 0} be a random

process with the state space S = {0,1,...,N,N+ 1}, which keeps constant values on the half-

intervals [T;,T* ),0,1,..., and is right-hand continuous. This process is not a semi-Markov

n+l

one, as no memory property is satisfied for any instants of the state changes of that one.

Let us construct a new random process in a following way. Let 0 =7, and 7,,7,,...
denote instants of the subsystem failures or instants of the whole system renewal.

The random process {X(t): t= O} defined by equation
X(0)=0, X(t)=Y(r,) for te€[r, Tus1) (1)

is the semi-Markov one.
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To have a semi-Markov process as a model we have to define its initial distribution
and all elements of its kernel. Recall that the semi-Markov kernel is the matrix of transition
probabilities of the Markov renewal process

Q(t) = [Qi(t) : i.j € 5], )
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Figure 2. Reliability evolution of the standby system

where
C)u‘(ﬁ) - P(Tn—l—l — Tn -<\ t, X(Tn+1) = J | X(Tn) - 3) t ; 0. (3)
From the definition of semi-Markov process it follows that the sequence

{X(Tn ): n= 0,1,...} is a homo-geneous Markov chain with transition probabilities

= P(X(a1) = j| X (r) = i) = lim Qi;(2). )
The function
G;(f) = P(Tn—i-] — Tn t|X n = 2, Z QU (5)
JES

is a cumulative probability distribution of a random variable 7’ that is called a

waiting time of the state i. The waiting time 7, is the time spent in state i when the

successor state is unknown. The function

Fij(t) = P(Tup1 — T <t|X(10) =i, X(Tny1) =) = Qi; (1)

Pij

is a cumulative probability distribution of a random variable 7); that is called a

(6)

holding time of a state i, if the next state will be j. From here we have

Qi;(t) = pij (1) (7)

It follows from that a semi-Markov process with a discrete state space can be

defined by the transition matrix of the embedded Markov chain: P:[pij i, j € S] and a

matrix of CDF of holding times: F [ l,j € S] .

In this case semi-Markov kernel has a form
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0 0 0 Qoviild)
Q10(t) 1 1(t) Q1 n(1) 0
Q(t) = : : 5 (8)
Qno(t)  Qn 1(?‘) Qn (1) 0
| Qnt10(t) Qns11(t) Qnsin(t) 0 |
The semi-Markov { (t) } will be defined if we define all elements of the
matrix Q(1).

For j=1,...,N we ob
QN+1j(t) = P(X(Tn+
= P(A., CJ < t, C& = CJ for

where

DN+1j = {(ﬂ?hﬂfz-. .. $\) :

tain

1) — ]& Tn+1 — Tn g.. t | X(Tn) =N -+ ]_) =

i # ) = a// .. .del(:rl)dF(q:g) e dFn (2,

Dy

0<x; <t >xj i#j}

Using Fubini theorem we obtain

Qn1;(t —a/ H[l— da, 9)
0 iz
For j =0 we have
CJN+IU(t) - P(X(Tn—}—l) - [] Tn+l — f|X( n) N + ]-) -
1
= P(A, min((y,....¢v) <t)=(1—a)(l— H(l — Fi(t))). (10
For i,j=1,..,N we get
Qij(t) =PA.¢ < LG >Clorj# Rk k=1,....N, v <().
The same wcy we obtain
QU —U'/ H H[l_FA fJ ) (11)
k#j
For i=1,...,N and j =0 we have
Qio(t) = P(min((y, ..., v) < ¢, v > min((y, - . -, () +
+P(A", min((y, .. ., (v) <ty <min((y, - C\)) = 12
t
= F(t) — ﬂ,/ Hi(x)dF(x),
0
where
N
F(z) = P(min((y, ..., v) < t) H 1 — Fy(a (13)
From the assumption it follows ’rho;
Qon1(t) = K(t). (14)
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All elements of the kernel Q(#) have been defined, hence the semi-Markov process

{X(t) 2 O} describing reliability of the renewal cold standby system has been constructed.

3. Exponential Time to Failure of Elements

Assuming the exponential time to failure of elements we obtain a special case of

the model. Suppose that random variables ¢, k=1,...,N are exponentially distributed

with parameters A, , k =1,..., N, correspondingly. Hence

fe(z) = e ™% >0,

Because of the no memory property of the exponential distribution, the assumption
concerning of the whole subsystem renewal can be substituted by the assumption concerning
failed element renewal.

In this case we obtain

by, _
Qny1j(t) = u.f H M Ne N dr = a" k(1 —e M), t>0 (15)
0 A
i#]
for j=1,...., N, where
f\:)\1+---+/\A\-‘-
For j =0 we obtain
Q\-HU()=(1—a)(1—e_"“). t>0. (16)
Fori,j=1.,N
Qij( —a/\fH e d (17)
For j=0
t
Qio(t) =1—e*" —aA f Hi(z)e ™ “dx. (18)

4. Approximate Model

For simplicity we consider an approximate model. We can assume that the renewal
time of the subsystem is a random variable ¥ having CDF
N

H(z)= Zq,- Hi(x) where ¢ = \E(ifn) (19)
=1 2 E()
This way we obtain 3-state seml-Markov process with kernel
0 0 Qo2(1)
Q(t) = | Qul(t) Qu(t) 0 ! (20)
where

Qoa(t) = K (1), (21)
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Q10(t) —a / H(z)dF(z), Qu(t)=a / H(x)dF(x), (22)
0

Qa(t) = (1 - G)F(t)- Qa1 (t) = aF(t).
Assume that, the initial state is 2. It means that an initial distribution is
0)=[0 0 1]. (23)

Hence, the semi-Markov model has been constructed.
5. Reliability Characteristics

A value of a random variable
Ay=min{n e N: X(7,) € A} (24)
denotes a discrete time (a number of state changes) of a first arrival at the set of
states A S of the embedded Markov chain, { X (7,,) : n € Ng}}.
O4=7a, (25)
denotes a first passage time to the subset A or the time of a first arrival at the set
of states 4 C S of the semi-Markov process {X(t): t> O}. A function
Q,u(t) = PO, <t| X(0)=14), 120 (26)
is the Cumulative Distribution Function (CDF) of a random variable ©; 4 denoting
the first passage time from the state i € A’ to a subset A or the exit time of {X(t):tZ 0}
from the subset A" with the initial state i. We will present some theorems concerning

distributions and parameters of the random variables ©;4 which are conclusions from
theorems presented by Koroluk & Turbin (1976), Silvestrov (1980), Grabski (2002).

THEOREM 1
For the regular semi-Markov processes such that,
fia=PAs<o|X(0)=i)=1, ie A, (27)

distributions ®;4(t) i € A’ are proper and they are the unique solutions of the

equations system

®ialt) = Qi(t) qu)“ (t — 2)dQu(x), i€ A. (28)

JEA kes

Applying a Laplace-SﬁeIties (L-S) transformation for the system of integral
equations we obtain the linear system of equaﬁons for (L-S) transforms

(f)i:l('-‘”) = Z q:; + Z (fr.f. CSL A (29)

JjeAd keA'
where
45,-_4(3) = / e dD; (), (30)
ar;] L-S transforms of the unknown CDF of the random variables ©, 4. i € A’, and
45,-_4(3) = /Ox e dD; (), (31)
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are L-S transforms of the given functions Q;;(¢), ¢,7 € S. That linear system of

equations is equivalent to the matrix equation

(I = q(s)) Par(s) = b(s), (32)
where
is the unit matrix,
Q.y(s) = [Gii(s) : i.j € AT (34)
is the square sub-matrix of the L-S transforms of the matrix q(s), while
Gal(s) = [dials): i€ AT, b(s) = [Z Gij(s): i€ AT (35)
JEA

are one column matrices of the corresponding L-S transforms.
The linear system of equations (29) for the L-S transforms allows us to obtain the

linear system of equations for the moments of random variables ©;4, i € A

THEOREM 2
If
e assumptions of theorem 1 are satisfied,
* V A 0<E(T?) <d,

d>0 i,j€S ’

2 o~ , 2 ¢

* N\ wia= > n*fialn) < oo,

€A n=1
then there exist expectations FE(O;4), i€ A" and second moments

E(©%,),i€ A" and they are unique solutions of the linear systems equations, which have

following matrix forms

(I-P,)©, =T,, (36)
where

P,=[p,;:i,jeA]. @y =[EOp):icAl", T,y=[BE(T):icA]

(I-P,)®%, =B, (37)
where

Py=p:ijeA], @, =[E@®}):icAl,
B_,; = [b,‘_4 H J = A’]T._ b_;__,; = E(T?J + 2 Z P;‘A:E(T;}.:)E((_)A:A),

keA'

and I is the unit matrix.

In our case the random variable O, 4, that denotes the first passage time from the
state i = 2 to the subset A = {0} represents the time to failure of the system in our model.
The function
R(t) = P(Oy >t) =1 —=Doy(t), t=0 (38)

is the reliability function of the considered cold standby system with repair.

In this case the system of linear equations (29) for the Laplace-Stieltjes transforms
with the unknown functions  dio(s), ¢ >0, i=12 s
Gglu(é’) = qio(s) + 3’10(3) qi1(s). &20(3) = q20(s) + &10(3)(521(3)- (39)

Hence




OF . . .
APPLIED International Symposium on Stochastic Models

:“E‘::;'J;““ in Reliability Engineering, Life Sciences and
Operations Management (SMRLO'10)

7 G10(5) 7 ~ ¢21(5)G10(5)
)= ——. 2005 ) = 20l S —_— - 40
Profs) 1 —qu(s) Pa0(s) = Gao(3) + 1 —qu(s) ol
Consequently, we obtain the Laplace transform of the reliability function
N 1 — don(s
R(s) = M (41)

S
The transition matrix of the embedded Markov chain of the semi-Markov process

{X(t):t>0}is
0 0 1

P=|po pn 0|, (42)
Pao P21 O

where
po=1=pn, pu=PU=1v<()= ”»[ H(z)dF(z),
0

po=1—a, py=PU=1)=a.
The C'DF of the waiting times T, i =0,1,2are

Hence

E(Ty) = E(n), E(T)=E(). E(T3) = E(Q). (43)
In this case equation (37) takes the form of

1— P11 0 E((—)lﬂ) . E(C)

[ —a 1 ] [ E(O2) ] - [ E() ] | “4

The solution of it is:
NN (S, N a E(C)
E(©y) = = E(©y) = FE() + i (45)

6. An Approximate Reliability Function

In this case calculating an exact reliability function of the system by means of
Laplace transform is a complicated matter. Finding an approximate reliability function of that
system is possible by using results from the theory of semi-Markov processes perturbations.
The perturbed semi-Markov processes are defined in different ways by different authors. We

introduce Pavlov and Ushakov (1978) concept of the perturbed semi-Markov process
presented by I.B. Gertsbakh (1984).
Let A’ =S — A be a finite subset of states and A be at least countable subset of

S. Suppose {X(t):tZ 0} is SM process with the state space S = A U A’ and the kernel
Q(t) = [Qij(t) : i, j € S), the elements of which have the form Q;;(t) = p;; Fi;(t).

Assume that
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: 0
Let us notice that z Py = 1.
JjEA!

A semi-Markov process {X(t): t> 0} with the discrete state space .S defined by the
renewal kernel Q(t) = [p;;Fi;(t) : i,7 € S, is called the perturbed process with respect to
SM process {XU(t):t >0} with the state space A’ defined by the kernel

Q°(t) = [pY,Fij(t) :i.j € A']

We are going to present our version of theorem proved by |.B. Gertsbakh (1984).
The number

m? = / [1—G0)dt, i€ A, (48)
0
where
m? = / [1—G0)dt, i€ A, (49)
0

is the expected value of the waiting time in state 7 for the process {XO(!.) (1 >0}

Denote the stationary distribution of the embedded Markov chain in SM process
{X°t): t > 0}byn® = [nY: i € A] Let
€= Z e, m' = Z momy. (50)
ieA! €A
We are interested in the limiting distribution of the random variable
©,4 =1inf{t : X(t) € A| X(0) =i}, i€ A, that denotes the first passage time from
the state i € A’ to the subset A.

THEOREM 3
If the embedded Markov chain defined by the matrix of transition probabilities
P =[p,; :i,j € S]sdtisfies the following conditions

fia=PAs<o|X(0)=i)=1, ie A, (51)
\/ /\ 0 < E(Ty) < e 52)
>0 ijes
/\ g = Z?'e,f,-;‘(n) < 00, (53)
1A n=1

then
ll—% P(eO;a > z)=¢ w0, (54)

where 10 = [7; : 1 € A']is the unique solution of the linear system of equations
 =7"P° 7°1=1. (55)
From that theorem it follows that for small = we get the following approximating

formula
> e
A’

P(@,‘A > f) R exp | — Wt . t=20 (56)
eA!
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The considered SM process { X (1) : 1 > 0} with the state space S = {0, 1,2} we

can assume to be the perturbed process with respect to the SM process {X°(t) : t > 0}
with the state space A’ = {1, 2} and the kernel

Q1) = { Q% (t) 0 ] ’ (57)

Q3 (1) 0

where

1) =phFu(t),  Q(t) = phFal(t).

Because A = {0} and
€1 =pio = Qo(00) =1 - G-/G(;I:)f(.’l?]d.’l?,
0

then
P11

1 - &1
From

= Fu(t)

= 1.

we get
/

(1) = Fu(t) = o———
Of . )

Notice, that £ = pog = 1 — a. Hence p9; = 1”_% = 1. Finally we obtain

Q% (1) = Fa (t) = F(1).

The transition matrix of the embedded Markov chain of SM process

{X%t): t > 0}is

P”:[l 0]. (58)

1 0

From the system of equations

IR

(59)
T+ ﬁg = 1.
we get ¥ = [1, 0]. It follows from the theorem 3 that for a small ¢
> e
POy >t ~exp |- 4|, >0, 60
(Bia > 1) P Soadm? | (60}
ieA’
where
o0
m = f 1=Go)dt, i€ A, GUt) =D Q%(t). e =D nle;, (61)
0 je_‘if !E‘_l!

and
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’.-'??.0 = Z ?L'_??T?.?. (62)

i€A
Therefore we have

e=g =1—a | H(z)f(x)dx,
[

Oflrﬂff(;r:)f(rﬂ)du:

'H?-n - T?'?-? = = .
[ H(z)f(x)dx
0
For ¢ close to 0 we obtain the approximate reliability function of the system
[
R(t) = P(©is > 1) = P(e0,4 > ct) ~ exp [——U t] L t>0,
m

From a shape of the parameter ¢ it follows that we can apply this formula only if
the number P(y > (), denoting probability of a component failure during a period of an
earlier failed component, is small.

Finally we obtain an approximate relation

R(t) = P{Oy > t} ~ exp [—‘(lﬂ%a‘f) t] , (63)
where
c= /H(:}:)f(m)d:r: = P(vy < (),
M, = f;r:H(w)f(r)d.r

7. Conclusions

o The expectation [£(Oy) denoting the mean time to failure of the considered cold

standby system is

E(0m) = B(s) + 220

1—10111

where
pu=af, H(z)dF(x).
¢ The cold standby determines the increase of the mean time to failure

1+

1 —pn
times.

e The approximate reliability function of the system is exponential with a parameter
c(l —ac
A= hzao)

un
where
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c=Ply<()= / H(z)f(x)dx,

My = ]C;I:H(w)f(:r:)(i:z:.

References

1. Barlow, R.E. and Proshan, F. Mathematical Theory of Reliability, Wiley: New-York, London,
Sydney, 1965

2. Brodi, S.M. and Pogosian, |.A. Embedded Stochastic Processes in the Queue Theory, Naukova
Dumka, Kiev, 1978 (in Russian)

3. Gertsbakh, I.B. Asymptotic methods in reliability theory: A review, Adv. Appl. Prob., 16, 1984,
pp- 147-175

4. Grabski, F.G. Semi-Markov model of reliability and operation, PAN IBS, Operation Research,
30, Warszawa, 2002, pp. 161 (in Polish)

5. Grabski, F.G. Applications of Semi-Markov processes in safety and reliability analysis,
SSARS 2009, Gdansk, 2009, pp. 94

6. Koroluk, W.S. and Turbin, A.F. Semi-Markov Processes and Their Applications, Naukova
Dumka, Kiev, 1976 (in Russian)

7. Pavlov, L.V. and Ushakov, I.A. The asymptotic distribution of the time until a semi-Markov
process gets out of the kernel, Engineering Cybernetics, 20 (3), 1978

8. Silvestrov, D.S. Semi-Markov Processes with Discrete State Space, Sovietskoe Radio, Moscow,
1980 (in Russian)




