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ABSTRACT:

This paper sheds light on the complex interrelationships between history and
mathematical developments by examining Archimedes' Cattle Problem. With modern
computing capacities, what seemed like an almost impossible computational problem in
Archimedes day is no longer such a seemingly intractable problem. This paper demonstrates
the formulation of Archimedes’ Cattle Problem through an Excel spreadsheet utilizing an Excel
add-in optimizing tool. After providing the solution to Archimedes' Cattle Problem, the paper
then argues that intractable mathematical solutions of bygone eras become facilitated over
time by the use of new instruments. The paper concludes by noting that in certain cases it is
difficult to separate the virtues of the instrument from those of the observer. Had modern
computing capacity been available in Archimedes day, the solution to his cattle problem would
have been readily at hand.
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INTRODUCTION

The Cattle Problem, which is generally attributed to Archimedes, has intrigued
mathematicians of modern times since Gotthold Ephraim Lessing discovered a Greek
manuscript in 1773. According to some math historians, history can provide a link between
understanding a mathematical concept and its application (Swetz , Fauvel, Johansson, Katz,
Bekken (1995).

There is perhaps no better example of trying to understand the complex
interrelations between history and mathematical developments than Archimedes' Cattle
Problem. With the use of modern computing capacities what seemed like an impossible
computational problem in Archimedes’ time is skillfully handled today with the use of high-
powered optimization programs.
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In this paper, we demonstrate the formulation of Archimedes’ Cattle Problem
through an Excel spreadsheet, which utilizes Excel add-in optimizing tools developed by
Frontline Systems. Before presenting the mathematical formulation and ultimate solution of
Archimedes Cattle Problem, we first examine Archimedes mathematical achievements
followed by a brief history of the Cattle Problem. We then present the mathematical model
followed by the spreadsheet results. The paper concludes with a brief statement about the
importance of understanding mathematical developments through an historical prism.

THE MATHEMATICAL CONTRIBUTIONS OF ARCHIMEDES

Archimedes (287-212 B.C.) is considered, along with Newton and Gauss, to be one
of the three greatest mathematicians in history (Bell, 1937; Hart, 1978). Not only did he
excel in mathematics, but he also had a formidable intellect in engineering and science.
Hirshfeld, one of Archimedes’ biographers, credits him with discovering calculus before
Newton (Publishers Weekly, 2009). Bell (1986) gives a condensed list of Archimedes’ more
significant accomplishments:

1. Estimated with great precision the value of pi (m) to be between 3 1/7 and 3
10/71.

N

. Discovered the area of a circle to be equal to T times the square of the circle’s
radius.

3. Developed the mathematics to measure parabolas, spheres and cylinders.

4. Formulated the principle of buoyancy and the law of the lever.

5. Invented the water screw, which is still utilized in modern irrigation.

6. Invented a miniature planetarium, possibly using water for motion, which imitated
the movement of earth, moon and the other five known planets: Mercury, Venus, Mars,
Jupiter, and Saturn.

Archimedes was a famous mathematician during and after his lifetime. Archimedes
lived the last years of his life in Syracuse, which was a city under siege. It is said that his
king ordered him to invent effective “futuristic” war machines. Apparently, his efforts met
with considerable success in that his machines helped repel the Roman invaders for years
(Marchant 2009). Further, it is said that the Roman commander ordered his capture but that
the orders were never carried out (Columbia Electronic Encyclopedia, 2009). His fame has
increased markedly through the centuries, so much so that he is now considered one of the
most famous scientists in the history of humanity (Publishers Weekly, 2009; Hart, 1987). At
one point, the European Union offered a 50,000 euro grant for winning the “Archimedes
Prize” (Education and Training, 2001; European Commission Community Research, 2002).
A photograph of a classic Greek bust of Archimedes is included in the Appendix.

Archimedes’ work is often used as source material and inspiration for scholarly
articles. The way solid objects behave when floated in liquid is presented as a direct
outgrowth of Archimedes’ principle of buoyancy (McCuan, 2009). Abu-Saymeh and Haijja
(2008) compiled a generalization of Archimedes’ arbelos and its contents. Sangwin (2008)
discusses the ellipsograph of Archimemdes, which he considers relevant to today’s
mechanical engineers. Both Shepard (2008) and Burn (2005) have written recently about
the ways Archimedes’ used, and may have used, mathematics and reasoning skills to arrive
at his phenomenal results.
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HISTORICAL DEVELOPMENT OF THE CATTLE PROBLEM

In 1769, Gotthold Lessing became the librarian of the Herzog August Library in
Wolfenbuttel, Germany (Dorre, 1965). The library held many Greek and Latin manuscripts,
which he translated and published. One of Lessing’s most fascinating translations was
attributed to Archimedes and involved the number of cattle belonging to the sun god. The
problem, at the time of the publication of the translation, was over two thousand years old.
The translation is shown below; the original Greek is reproduced in the Appendix.

Translation

If thou art diligent and wise, O stranger, compute the number of cattle of the Sun,
who once upon a time grazed on the fields of the Thrinacian isle of Sicily, divided into four
herds of different colours, one milk white, another a glossy black, a third yellow and the last
dappled. In each herd were bulls, mighty in number according to these proportions:
Understand, stranger, that the white bulls were equal to a half and a third of the black
together with the whole of the yellow, while the black were equal to the fourth part of the
dappled and a fifth, together with, once more, the whole of the yellow. Observe further that
the remaining bulls, the dappled, were equal to a sixth part of the white and a seventh,
together with all of the yellow. These were the proportions of the cows: The white were
precisely equal to the third part and a fourth of the whole herd of the black; while the black
were equal to the fourth part once more of the dappled and with it a fifth part, when all,
including the bulls, went to pasture together. Now the dappled in four parts were equal in
number to a fifth part and a sixth of the yellow herd. Finally the yellow were in number
equal to a sixth part and a seventh of the white herd. If thou canst accurately tell, O
stranger, the number of cattle of the Sun, giving separately the number of well-fed bulls and
again the number of females according to each colour, thou wouldst not be called unskilled
or ignorant of numbers, but not yet shalt thou be numbered among the wise.

But come, understand also all these conditions regarding the cattle of the Sun. When
the white bulls mingled their number with the black, they stood firm, equal in depth and
breadth, and the plains of Thrinacia, stretching far in all ways, were filled with their
multitude. Again, when the yellow and the dappled bulls were gathered into one herd they
stood in such a manner that their number, beginning from one, grew slowly greater fill it
completed a triangular figure, there being no bulls of other colours in their midst nor none
of them lacking. If thou art able, O stranger, to find out all these things and gather them
together in your mind, giving all the relations, thou shalt depart crowned with glory and
knowing that thou hast been adjudged perfect in this species of wisdom.

In 1880, Amthor published a partial solution to the problem which is a number with
206,545 integers. The three members of the Hillsboro Mathematical Club continued
Amthor’s work and published the first 31 and the last 12 digits of the smallest total number
of cattle consistent with Archimedes’ problem (Bell, 1895). Seventy years later, Williams,
German and Zarnke (1965) announced the first complete solution to the problem. The
model required almost eight hours of computer time. In 1981, Nelson published a solution
printout from a Cray 1 computer, which was one of the first supercomputers. The solution
contained 206,545 integers, the same number found by Amthor. On this supercomputer,
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the calculation required ten minutes. Nelson published five additional solutions. One of the
solutions required over one million digits.

MATHEMATICAL FORMULATION OF ARCHIMEDES CATTLE PROBLEM

The model formulation of this problem is shown below:
Minimize: WHITEBULLS+BLACKBULLS +SPOTTEDBULLS +BROWNBULLS
+WHITECOWS +BLACKCOWS +SPOTTEDCOWS +BROWNCOWS

Subject to:

WHITEBULLS —((.8333333333333333*BLACKBULLS)+BROWNBULLS) = 0
BLACKBULLS —((.45*SPOTTEDBULLS)+BROWNBULLS) = 0
SPOTTEDBULLS -((0.30952380952381*WHITEBULLS)+BROWNBULLS) = 0
WHITECOWS - .58333333333333333*(BLACKBULLS+BLACKCOWS) = 0
BLACKCOWS - .45*(SPOTTEDBULLS+SPOTTEDCOWS) = 0
SPOTTEDCOWS - 0.3666666666666667*(BROWNBULLS+BROWNCOWS) = 0
BROWNCOWS - 0.30952380952381*(WHITEBULLS+WHITECOWS) = 0
WHITEBULLS >= 1
BLACKBULLS >=1
SPOTTEDBULLS >=1
BROWNBULLS >=1
WHITECOWS >=1
BLACKCOWS >=1
SPOTTEDCOWS >=1
BROWNCOWS >=1
BLACKBULLS = integer
WHITEBULLS = integer
SPOTTEDBULLS = integer
BROWNBULLS = integer
BLACKCOWS = integer
WHITECOWS = integer
SPOTTEDCOWS = integer
BROWNCOWS = integer
v WHITEBULLS + BLACKBULLS = integer
v (8(BROWNBULLS+SPOTTEDBULLS+1) -1 = integer
2
The first twenty-three constraints defined above are all defined in the first paragraph
of the translation. Note: we have used the term “SPOTTED instead of “dappled” and we
have used “BROWN" instead of “yellow.” The final two constraints are found in the second

paragraph of the translation. It is these two final constraints which cause the solution to
contain a minimum of 206,545 integers. Such a large number requires a computer more
powerful than the desktop computer utilized for this model. Most desktop computers in use
today are 32 or 64 bit machines. Desktops computers which are 32 bit machines are
capable of representing numbers between -2,147,483,648 and 2,147,483,648 (Willis and
Newsome, 2005). Even 64 bit computers are only capable of integers ranging from
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—170,141,183, 460,469,231,731,687,303,715,884,105,728 to
170,141,183,460,469,231,731,687 ,303,715 ,884,105,727 (integer (computer science),
n.d.). This integer size limitation makes the final two constraints not feasible for the
spreadsheet approach to this problem. Only the constraints described in the first paragraph
of the translation (the first twenty-three constraints listed) are included. These constraints do
present a formidable problem for 32 bit computers.

SPREADSHEET RESULTS

In this paper, we demonstrate the formulation Archimedes Cattle Problem through
an Excel spreadsheet, which utilizes Excel add-in optimizing tools developed by Frontline
Systems. The add-in tool Solver, which is part of Excel, is capable of solving small
optimization models. However, computing requirements of the model require the utilization
of a more powerful solver engine than the one provided with Excel. The engine required for
a model this complex is Premium Solver Platform (Version7), also developed by Frontline
Systems. The initial spreadsheet formulation is displayed in Table 1. The formula view of
the model is presented in Table 2. Premium Solver Platform parameters are displayed in
Figure 1. The output sections of the spreadsheet solution are shown in Table 3. Row 3 and
cells C19:C23 hold the final solution to the first part of Archimedes Cattle Problem.

Table 1
Archimedes’ Cattle Problem Initial Spreadsheet Formulation
NA B C D E B G H I
Spotted Brown White Spotted Brown
2 White Bulls Black Bulls Bulls Bulls Cows Black Cows Cows Cows
3 0 o] 0 0 0 0 0 0
4 value 0.833333333333333
5 black+brown 0 white 0
é value 0.45
7 spotted+brown 0 black 0
8 value 0.30952380952381000
9 white+brown 0 spotted 0
10  value 0.58333333333333
11 white 0 black 0
12  value 0.45
13 black 0 spotted 0
14  value 0.366666666666667
15  spotted o] brown 0
16 value 0.30952380952381
17  brown o] white 0
18
19 | Total 0
20 | White 0
21 | Black 0
22 | Spotted 0
23 | Brown 0




Table 2

Archimedes’ Cattle Problem Formula View Spreadsheet

1\A2 B C D E F G H [
2 White Bulls Black Bulls Spotted Bulls  Brown Bulls ~ White Cows Black Cows Spotted Cows Brown Cows
3 o 0 0 0 0 0 0 0 |
4 value =1/2+1/3

5] black+brown =C4*C3+E3 white =B3-C5

6 value =1/4+1/5

7 spotted+brown =C6*D3+E3 black =C7-C3

8 value =1/6+1/7

9 whitetbrown =C8*B3+E3 spotted =C9-D3

10 value =1/3+1/4

11 white =C10*(C3+G3) black =F3-C11

12 value =1/4+1/5

1) black =C12*(D3+H3) spotted =G3-C13

14 value =1/5+1/6

15 spotted =C14*(E3+I3) brown =H3-C15

16 value =1/6+1/7

17 brown =C16*(B3+F3) white =I3-C17

18

19 Total =SUM(B3:13)

20 White =B3+F3

21 Black =C3+G3

25! Spotted =D3+H3

23 Brown =E3+I3

Figure 1
Archimedes’ Cattle Problem Premium Solver Parameters
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Table 3

Archimedes’ Cattle Problem Spreadsheet Solution

1WA B C 8] = k) G H |
2 White Bulls Black Bulls Spotted Bulls  Brown Bulls  White Cows  Black Cows Spotted Cows Brown Cows
3| 10365482 7 460 514 7,358 050 4 149 387 7,206 360 4 893 246 3515820 5439213 |
4 value 0.833333333333333

5  black+brown 10,366 432 white u]

B value 0.45

7 spotted+brown 7 460 514 black u]

8 value 0.30952380952381000

9 white+brown 7,358 060 spatted u]

10 value 0.58333333333333

" white 7,208,360 black 0

12 valug 0.45

13 black 4 893,246 spotted 0

14 value | 0.36EB66EEEEE6667

15 spotted 3515820 brown ]

16 value 0.30952380952381

i brown 5,439,213 white ]

18

19 Total i 50,389,082

20 White 17 572 842

21 Black | 12,353,760

22 Spotted 10,873,880

23 Brown 9 586 500

The final solution to Archimedes’ Cattle Problem is summarized in Table 4.
Table 4
Final Solution Archimedes Cattle Problem

White Bulls 10,366,482 Black Bulls 7,460,514 Spotted Bulls 7,358,060 Brown Bulls 4,149,387
White Cows 7,206,360 Black Cows 4,893,246 Spotted Cows 3,515,820 Brown Cows 5,439,213
White Total 17,572,842 Black Total 12,353,760 Spotted Total 10,873,880 Brown Total 9,588,600
Total 50,389,082

SUMMARY AND CONCLUSION

Among math historians there is a vigorous debate about the extent to which
mathematical developments are determined either by outside circumstances or by a kind of
internal necessity?2 According to one historian, the deterministic theory of mathematical
progress remains insufficient unless corrected and tempered by historical circumstance (Sarton,
1936). However, Sarton cautions that although “the concatenations of mathematical ideas
are not divorced from life, ... it is perhaps more possible for a mathematician than for any
other man to secrete himself in a tower of ivory.” (Sarton, 1936).

The Archimedes’ Cattle Problem is a fascinating historical problem in mathematics.
The fact that it was formulated by a man over 2,200 years ago is intriguing in itself. It is a
good example of an application of optimization that proved to be challenging even today
with modern computer technology. It should be an interesting and challenging optimization
exercise for researchers in the fields of operations analysis and applied mathematics.

Without conclusively accepting or rejecting either side of the debate regarding the
history of mathematical developments, we nonetheless believe that mathematical solutions
may become possible or facilitated by the use of new instruments. And, in certain cases it is
difficult to separate the virtues of the instrument from those of the observer. Had modern
computing capacity been available in Archimedes day, the solution to his cattle problem
would have been readily at hand. Yet, at the same time, one does not have to be a student
of math history to know that Archimedes was a true genius.
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EPILOGUE

Libraries have discovered palimpsests that contained original works by Archimedes
but that were later written over with religious works. Hirschfeld (2010) chronicles the
discovery and restoration of a palimpsest containing seven of Archimedes’ ftreatises.
Findings from the so-called Archimedes Palimpsest have been assembled into a well-
reviewed database (“Reference Reviews”, 2007) found at http://www.archimedespalimpsest.
org/ digitalproduct1 .html.
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Greek Statement of Archimedes Cattle Problem

ITpoépAnua,

OTTEP APXIUNONG &V EMYPAUUAaIV EDpwV TOIG v AAeéavOpeiq TTEPL TavTa TTPAYUQATEUOUEVOIS {NTELV
améoreidev év 1 mpo¢ EparooBévny 1ov Kupnvaiov TIoToA7.

TMAnBuv HeAioio Bowv, w Ecive, uérpnoov
QPOVTI® ETTIOTHOAG, EL LUETEXEIS 0OQING,
méoon ap’ év medioi§ ZIKeAnS TTOT’ €BOOKETO VIHOOU
Opivaking Terpayn oTipea dacoauévn
xpoinv aAddooovra’ 10 pev Aeukoio ydAakrog,
Kuavéw & ETEPOV XpwuaTi AQUITOUEVOV,
aMho ye pev EavBov, 10 O¢ TToikiAov. év &¢ éKGoTw
aTiper éoav Tavpol TANBear BpiBoéucvor
OUUUETPING TOIOOE TETEUXOTES  APYOTPIXAS UEV
Kuavéwyv Tavpwyv nuicer n16¢ Tpitw
kat éavBoi¢ ouutaaiv iooug, w E€ive, vénoov,
avTap KUQVEOUS T TETPATw TE UEPEI
HIKTOXPOWV Kal TEUTTTw, éTi éavO0Loi TE TTAOIV.
TOUG & DITOAEITTOUEVOUS TTOIKIAOXPWTAS OPE!
APYEVV@V TAUPWV EKTw UEPEI €BOOUATW TE
kat éavBoig avTic maaoiv ioadouévoug.
6nAciaial ¢ Bouai TGO’ ETTAETO " ASUKOTPIXES UEV
noav CUUTTAoNS KUavEéNg ayéang
T TPITATQ TE UEPEI KAl TETPATw ATPEKES ioal’
avTap KUAveai T TETPATw TE TTAAIV
HIKTOXPOWV Kal TTEUTITw OpoD UEPEl LloadovTo
oLV TAUPOIS™ TTAONS & ELC VOOV EPXOUEVNS
éavBotpixwv ayéAng méUTTTw HEPEI 110¢ Kal EKTw
ToikiAar ioGpiBuov 1TARBo¢ Exov TeTpaxT).
éavBai & 1piBuevvTo PéPoug TpiTou nuicer ioai
apyevvng ayéan éBSoudrw e UEPEL
éeive, ov & Helioio Bowv méoQl ATPEKES ELTTWVY,
XWPLS eV Taupwv {aTpe@éwv apiBuov,
Xwpig & av BnAsial 6oal kata xpwpa Ekaorai,
0UK (10pic ke Aéyor ovd’ aplBuwv adarg,
oD UV TTW ye 00QOI¢ évapiBuiog. aAX™ (01 ppddeu
Kai tade mavra Bowv HeAioio maén.
aPyOTPIXES TADPOI ueV ETTEL piaiaro TAnBovv
Kuavéolg, iotavr Euredov (OOUETPO!
£I¢ BAOOC €i¢ EVPOCS TE, Ta O’ AV TTEPIUNKED TTAVTH
miurAavro mAivlou Opivaking tredia.
éavBoi & aurt €i¢ év Kat TToIKiAol aBpoIoBEévTes
foravr auPBoAdadnv &€ évog apxouevor
OXTUA TEAEIODVTES To TPIKPATTTEOOV OUTE TTPOTOVIWY
aAMoxpowv TaupwVv OvT ETTIAEITTOUEVWV.
TauTa ouveEEUpwV Kai Evi TTPATTIOECOIV dBpoioag
Kai mAnBéwyv amodovg, w Eéve, mavra uérpa
EPXEO KUBIOWV VIKNPOPOC, (061 TE TTAVTWS

KEKPIUEVOS TAUTY GUTTVIOS &V 0oQin.
==
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